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THE BASED RING OF THE LOWEST TWO-SIDED
CELL OF AN AFFINE WEYL GROUP, III
NANHUA XI
Abstract. We show that Lusztig’s homomorphism from an affine
Hecke algebra to the direct summand of its asymptotic Hecke al-
gebra corresponding to the lowest two-sided cell is related to the
homomorphism constructed by Chriss and Ginzburg using equi-
variant K-theory by a matrix over the representation ring of the
associated algebraic group.
Let W be the extended affine Weyl group associated to a simply
connected simple algebraic group G over C. Let J0 be the based ring of
the lowest two-sided cell ofW and letH be the Hecke algebra ofW over
the ring A = Z[v, v−1] of Laurent polynomials in an indeterminate v
with integer coefficients. Lusztig defined an A-algebra homomorphism
ϕ0 : H → J0 ⊗Z A (see [L3]). In [CG, Corollary 5.4.34], Chriss and
Ginzburg defined an A-algebra homomorphism ψ0 : H → J0⊗ZA using
equivariant K-theory. We will show that ϕ0 is essentially the conjugacy
of ψ0 by an invertibleW0×W0 matrix with entries in the representation
RG×C∗ of G× C∗, see Theorem 2.5.
1. Preliminaries
1.1. Let G be a simply connected simple algebraic group over the
complex number field C. The Weyl group W0 of G acts naturally on
the character groupX of a maximal tours of G. The semidirect product
W = W0 ⋉X with respect to the action is called an (extended) affine
Weyl group. Let H be the associated Hecke algebra over the ring
A = Z[v, v−1] (v an indeterminate) with parameter v2. Thus H has an
A-basis {Tw | w ∈ W} and its multiplication is defined by the relations
(Ts − v2)(Ts + 1) = 0 if s is a simple reflection and TwTu = Twu if
l(wu) = l(w) + l(u), here l is the length function of W .
We shall write the operation in X multiplicatively. Let X+ = {x ∈
X | l(w0x) = l(w0) + l(x)} be the set of dominant weights in X , where
w0 is the longest element ofW0. For any z ∈ X , one can find dominant
weights x and y such that z = xy−1. Then define θz = v
l(y)−l(x)TxT
−1
y .
It is known that θz is well defined, that is, it only depends on z and
independent of the choice of x, y. Moreover, the elements θzTw, z ∈
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X, w ∈ W0, form an A-basis of H and the the elements Twθz , w ∈ W0,
z ∈ X, form an A-basis of H as well. See [L1] or [L4].
TheA-subalgebra Θ ofH generated by all θx, x ∈ X , is commutative
and is isomorphic to the group algebra A[X ] of X . Let θ : A[X ]→ Θ,∑
x∈X axx →
∑
x∈X axθx be the isomorphism, where ax ∈ A are 0
except for finitely many x in X . For γ ∈ A[X ], we shall also write θγ
for θ(γ).
Let R be the root system. For simple reflection s in W0, we shall
denote by αs for the simple root which defines s. For x ∈ X , we have
(see [L5, 1.19])
(a) Tsθx = θs(x)Ts − (v
2 − 1)θ s(x)αs−xαs
αs−1
.
1.2. For y, w in W , let Py,w be the Kazhdan-Lusztig polynomial. Set
Cw = v
l(w)
∑
y≤w(−1)
l(w)−l(y)Py,w(v
−2)Ty, where ≤ is the Bruhat order
on W . Then the elements Cw, w ∈ W , form an A-basis of H and is
called a Kazhdan-Lusztig basis of H .
Recall that w0 is the longest element in W0. We shall simply write
C for Cw0 . We have TsC = −C for all simple reflections s in W0.
Therefore, the A-linear map π: A[X ] → HC defined by x → θxC for
all x ∈ X is an isomorphism of A-module. Using the formula 1.1(a)
we see that for any simple reflection s in W0 and x, y in X, we have
TsθxC =
(θs(x) − θxθαs) + v
2(θxθαs − θs(x)θαs)
θαs − 1
C,
θyθxC = θyxC.
Thus the natural H-module structure on HC leads an H-module
structure on A[X ] as follows (see [L5, Lemma 4.7]):
Ts ◦ x =
(s(x)− xαs) + v2(xαs − s(x)αs)
αs − 1
,
θy ◦ x = yx,
where s ∈ W0 is a simple reflection and x, y ∈ X .
1.3. Let R+ be the set of positive roots, R− = −R+ and ∆ be the set of
simple roots in R. For α ∈ ∆, let xα be the corresponding fundamental
weight. For w ∈ W0, let
ew = w(
∏
α∈∆
w(α)∈R−
xα) ∈ X.
According to [St] we have
(a) A[X ] is a free A[X ]W0-module with a basis ew, w ∈ W0.
Note that A[X ]W0 is naturally isomorphic to RG×C∗ = RG ⊗Z A,
where RG and RG are the representation ring of G = G × C∗ and G
respectively, and we identify RC∗ with A by regarding v as the identity
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representation C∗ → C∗. We also use v for the element in RG defined
by the natural projection G× C∗ → C∗.
According to Bernstein (see [L1]), we know that
(b) The θ(A[X ]W0) is the center Z(H) of H and the center Z(H) of
H is isomorphic to the representation ring of RG .
Therefore we have
(c) The H-moduleHC is a free Z(H)-module with a basis θewC, w ∈
W0.
1.4. For each w ∈ W0, set d−1w = (
∏
α∈∆
w(α)∈R−
xα)w
−1 ∈ W . According
to [Sh1, Sh2], the lowest two-sided cell of W c0 can be described as
c0 = {dww0xd
−1
u |w, u ∈ W, x ∈ X
+}.
For x ∈ X+, let V (x) be an irreducible rational G-module of highest
weight x. For x, y, z ∈ X+, let mx,y,z be the multiplicity of V (z)
appearing in V (x)⊗ V (y). The based ring J0 of c0 defined by Lusztig
in [L3] is a free Z-module with a basis tw, w ∈ c0 and the structure
constants are given by (see [X1, Theorem 1.10])
tdww0xd−1u tdvw0yd−1p = δu,v
∑
z∈X+
mx,y,ztdww0zd−1p .
For x ∈ X+, let Sx be the element in Θ corresponding to V (x). By
abuse notation, we also use Sx for the element in RG or RG correspond-
ing to V (x). Then we have
(d) The map Sx →
∑
w∈W0
tdww0xd−1w defines an ring isomorphism
from RG to the center of J0.
So we have
(e) The map tdww0xd−1u → (Sx)w,u defines an isomorphism ϕ1 of RG-
algebra from J0 to the W0×W0 matrix ring MW0(RG) over RG, where
(Sx)w,u stands for the W0 ×W0 matrix with entry Sx at the position
(w, u) and with 0 entries at other positions. See [X1, Theorem 1.10].
Note that we have SxCdww0 = Cdww0x, see [X1, Theorem 2.9] and [L1,
8.6, 6.12]. It is known that the elements Cdww0x, w ∈ W0, x ∈ X
+,
form an A-basis of HC (see [L2]). Hence we have
(f) The elements Cdww0 , w ∈ W0, form a Z(H)-basis of HC.
Now we have two Z(H)-bases for HC, one is {θewC |w ∈ W0}, the
other is {Cdww0 |w ∈ W0}. For each u ∈ W , we then have
Cduw0C =
∑
w∈W0
aw,uθew , aw,u ∈ Z(H) = RG .
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Let A = (aw,u) be the W0 ×W0 matrix. Then A is the transfer matrix
from the basis {θewC |w ∈ W0} to the basis {Cdww0 |w ∈ W0}. That is
(Cdww0)w∈W0 = (θewC)w∈W0A,
where (·)w∈W0 are row vectors.
1.5. For w, u ∈ W , write CwCu =
∑
v∈W hw,u,vCv, hw,u,v ∈ A. Let D
be the set consisting of all dww0d
−1
w , w ∈ W0. Lusztig showed that the
map
ϕ0 : H → J0 ⊗A, Cw →
∑
d∈D
u∈W
hw,d,utu,
is an A-algebra homomorphism (see [L3]). Note that the restriction of
ϕ0 to the center Z(H) gives an isomorphism from Z(H) to the center
of J0 ⊗ A. If we identify Z(H) with the representation ring RG of
G = R × C∗, then ϕ0 is in fact an RG-algebra homomorphism.
Let
ϕ = (ϕ1 ⊗ idA)ϕ0 : H → J0 ⊗A → MW0(RG)⊗A =MW0(RG),
see 1.4 (e) for the definition of ϕ1. Then ϕ is a homomorphism of
RG-algebra.
2. Equivariant K-theory Construction
Chriss and Ginzburg constructed a homomorphism of RG-algebra
from H to the matrix ring MW0(RG), see [CG, Corollary 5.4.34, 7.6.8].
In this section we recall this construction. We shall follow the approach
in [L5] for explicit calculation.
2.1. Let g be the Lie algebra of G, N the nilpotent cone of g and
B the variety of all Borel subalgebras of g. The Steinberg variety Z
is the subvariety of N × B × B consisting of all triples (n, b, b′), n ∈
b ∩ b′ ∩ N , b, b′ ∈ B. Let Λ = {(n, b) | n ∈ N ∩ b, b ∈ B} be the
cotangent bundle of B. Clearly Z can be regarded as a subvariety of
Λ× Λ by the imbedding Z → Λ× Λ, (n, b, b′)→ (n, b, n, b′). Define a
G = G× C∗-action on Λ by (g, z) : (n, b)→ (z−2ad(g)n, ad(g)b). Let
G×C∗ acts on Λ×Λ diagonally, then Z is a G×C∗-stable subvariety of
Λ× Λ. Let KG×C∗(Z) = KG×C∗(Λ× Λ;Z) be the Grothendieck group
of the category of G× C∗-equivariant coherent sheaves on Λ× Λ with
support in Z.
Let
Λaab = {(n, b, n′, b′, n′′, b′′) ∈ Λ3 |n = n′},
Λabb = {(n, b, n′, b′, n′′, b′′) ∈ Λ3 |n′ = n′′},
Λaaa = {(n, b, n′, b′, n′′, b′′) ∈ Λ3 |n = n′ = n′′}.
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Let G act on Λ3 diagonally, then Λaab, Λabb and Λaaa are G-stable
subvarieties of Λ3. Define π12 : Λ
aab → Z, π23 : Λabb → Z, π13 : Λaaa →
Z as follows,
π12(n, b, n, b
′, n, b′′)→ (n, b, b′).
π23(n, b, n
′, b′, n′′, b′′)→ (n′, b′, b′′),
π13(n, b, n, b
′, n, b′′)→ (n, b, b′′).
Note that π12, π23 are smooth and π13 is proper. Following [L5, 7.9],
one defines the convolution product
∗ : KG×C∗(Z)×KG×C∗(Z)→ KG×C∗(Z),
F ∗ G = (π13)∗(π
∗
12F ⊗
L
OΛ3
p∗23G ),
where OΛ3 is the structure sheaf of Λ
3. This endows with KG×C∗(Z)
an associative algebra structure over the representation ring RG×C∗ of
G×C∗. Recall that we regard the indeterminate v as the representation
G × C∗ → C∗, (g, z) → z. Then RG×C∗ is identified with RG ⊗Z A.
In particular, KG×C∗(Z) is an A-algebra. Moreover, as A-algebras,
KG×C
∗
(Z) is isomorphic to the Hecke algebra H , see [G1, G2, KL2] or
[CG, L5]. We shall identify KG×C∗(Z) with H .
2.2. We shall simply write G for G × C∗. Consider the G-equivariant
injections
j : B × B → Z, (b, b′)→ (0, b, b′),
and
k : Z → Λ× B, (n, b, b′)→ (n, b, b′).
We then have two KG(Z)-linear maps:
j∗ : KG(B × B)→ KG(Z),
k∗ : KG(Z)→ KG(Λ× B).
Here the KG(Z)-module structure on KG(B×B) and on KG(Λ×B) are
defined as follows.
Let
r12 : Z × B → Z, (n, b, b
′, b′′)→ (n, b, b′),
r23 : Λ× B × B → B × B, (n, b, b
′, b′′)→ (b′, b′′),
r13 : B × B × B → B × B, (b, b
′, b′′)→ (b, b′′),
q23 : Λ
2 × B → Λ× B, (n, b, n′, b′, b′′)→ (n′, b′, b′′),
q13 : Z × B → Λ× B, (n, b, n, b
′, b′′)→ (n, b, b′′).
Define the RG-bilinear pairings
⋆ : KG(Z)×KG(B × B)→ KG(B × B),
F ⋆ G = r13∗(r
∗
12F ⊗
L
Λ3 r
∗
23G ) ∈ KG(B × B);
and
◦ : KG(Z)×KG(Λ× B)→ KG(Λ× B),
F ◦ G = q13∗(r
∗
12F ⊗
L
Λ2⊗B q
∗
23G ) ∈ KG(Λ× B);
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respectively. These RG-pairings giveKG(Z)-module structure onKG(B×
B) and KG(Λ× B) respectively.
2.3. According to [KL2,1.6] and its proof, we have
(a) The external tensor product in KG-theory
⊠ : KG(B)⊗RG KG(B)→ KG(B × B)
is an isomorphism of RG-module. For x ∈ X , we shall also denote the
corresponding line bundle on B by x.
Note that KG(B) = RB = Z[X ]. Define the pairing (, ) : Z[X ] ×
Z[X ]→ RG by
(x, y) =
∑
w∈W0
(−1)l(w)w(xyρ)/
∑
w∈W0
(−1)l(w)w(ρ),
where ρ is the product of all fundamental weights.
(b) There exist elements e′w ∈ Z[X ], w ∈ W0, such that (ew, e
′
u) =
δw,u. (See the proof of [KL2,1.6].)
For 1 ≤ i < j ≤ 3, let pij be the projection from B3 = B × B × B to
its (i, j)-factor. Define the convolution · on KG(B × B) as follows:
V · V ′ = (p13)∗(p
∗
12V ⊗
L
B3 p
∗
23V
′).
Let w, u, t, v be elements in W0 and ξ, η be elements in RG. Then we
have
(ewξ ⊠ e
′
u) · (et ⊠ e
′
v) = (et, e
′
u)(ewξ ⊠ ηe
′
v),
see [X2, 5.16.1] or [CG, Lemma 5.2.28]. Therefore the map
ewξ ⊠ e
′
u → (ξ)w,u, w, u ∈ W0, ξ ∈ RG,
defines an isomorphism of RG-algebra
ψ1 : KG(B × B)→ MW0(RG),
where (ξ)w,u stands for the matrix whose entries are ξ at position (w, u)
and zero otherwise.
2.4. The projection pr : Λ × B → B × B, (n, b, b′) → (b, b′), is G-
equivariant. The Thom isomorphism says that pr∗ : KG(B × B) →
KG(Λ × B) is isomorphism of RG-module. Composing its inverse with
k∗ : KG(Z)→ KG(Λ× B) we get an RG-linear map
(pr∗)−1k∗ : KG(Z)→ KG(B × B).
The following result is showed in [CG, Corollary 5.4.34].
(a) The map (pr∗)−1k∗ : KG(Z) → KG(B × B) is a homomorphism
of RG-algebra.
We explain this. Through inverse image pr∗2 : KG(B) → KG(Λ)
of the projection pr2 : Λ → B, we regard the trivial bundle C on B
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as an G-equivariant bundle on Λ. Let r : Λ → Z be the inclusion
(n, b)→ (n, b, b). Then r∗(C) is the unit in KG(Z) (see [L5, 7.10].
Let j˜ : Λ→ Λ×B be the inclusion (n, b)→ (n, b, b) and let i : B →
B × B be the diagonal map. Then we have a cartesian diagram
Λ
pr2

j˜
// Λ× B
pr

B
i
// B × B
So we have j˜∗pr
∗
2(C) = pr
∗i∗(C) (see for example [FK, Chapter I,
6.1 Theorem]). Therefore, (pr∗)−1j˜∗pr
∗
2(C) = i∗(C). This means that
(pr∗)−1k∗r∗(C) is i∗(C) in KG(B × B). But it is known that i∗(C) =∑
w∈W0
ew ⊠ e
′
w is the unit in KG(B × B) (see [KL2, 1.7]). Since k∗ is
KG(Z)-linear, we see easily that the map in (a) is a homomorphism of
RG-algebra.
Define ψ : H = KG(Z) → MW0(RG) = MW0(RG) ⊗ A to be the
homomorphism of RG-algebra (ψ1⊗ idA)(pr∗)−1k∗, see 2.3 for definition
of ψ1. Recall that we defined in subsection 1.5 the homomorphism
ϕ : H → MW0(RG) of RG-algebra and defined the matrix A ∈MW0(RG)
in the last part of subsection 1.4. Now we can state the main result of
the paper.
Theorem 2.5. For h ∈ H we have ϕ(h) = A−1ψ(h)A.
Proof. Let h ∈ H . According to [L5, 7.14], we have
(pr∗)−1k∗(h) = (pr
∗)−1k∗(h)(pr
∗)−1k∗(1).
In subsection 2.4 we have seen that
(pr∗)−1k∗(1) =
∑
w∈W0
ew ⊠ e
′
w.
According to [L5, Lemma 7.21], for h ∈ H , we have
(pr∗)−1k∗(h) = h ◦
∑
w∈W0
ew ⊠ e
′
w =
∑
w∈W0
(h ◦ ew)⊠ e
′
w.
Let h ◦ ew =
∑
u∈W0
hu,weu. Then we have
ψ(h) = (hu,w) ∈MW0(RG).
Note that we also have
hθewC =
∑
u∈W0
hu,wθeuC.
Therefore the homomorphism comes from the natural module structure
onHC of the RG-algebraH with respect to the RG-basis θewC, w ∈ W0.
By definition, for r ∈ W , we have
ϕ0(Cr) =
∑
d∈D
hr,d,r′tr′, hr,d,r′ ∈ A.
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By [L2] and [Sh2], hr,dww0d−1w ,r′ 6= 0 if and only if r
′ = duw0xd
−1
w for
some u ∈ W0 and x ∈ X+. Using [X1, Theorem 2.9] we know that
hr,dww0d−1w ,r′ = hr,dww0,duw0x for r
′ = duw0xd
−1
w , u, w ∈ W0, x ∈ X
+.
Moreover, for x ∈ X+, we have SxCduw0d−1w = Cduw0xd−1w and SxCduw0 =
Cduw0x, see [X1, Theorem 2.9] and [L1, 8.6, 6.12]. Therefore, for h ∈ H ,
if ϕ(h) = (bu,w) ∈ MW0(RG), then we have hCdww0 =
∑
u,w bu,wCduw0 .
Hence, the homomorphism ϕ also comes from the natural module struc-
ture on HC of the RG-algebra H , but with respect to the RG-basis
Cdww0, w ∈ W0.
The theorem follows.
2.6. According to [L5, 10.6], we have
j∗(x⊠ y) = (−1)
νθxρ
∑
w∈W0
Twθρy,
where ν = |R+|. By the proof of Proposition 10.7 in [L5], we see that
(pr∗)−1k∗j∗ : KG(B × B)→ KG(Z)→ KG(Λ× B)→ KG(B × B)
is given by the following formula
(pr∗)−1k∗j∗(x⊠ y) = (
∏
α∈R+
(1− v2α))x⊠ y.
Let x = y = ρ−1. In view of the discussion in 1.2 and [L5, Lemma
7.21], the above formula implies that
∑
w∈W0
Twθρ−1C =
∏
α∈R+
(1− v2θα)θρ−1C.
This formula is proved in [L1], now has an interpretation in terms of
equivariant K-theory.
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